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A TRANSFORMATION RULE FOR NATURAL MULTIPLICITIES
JACK JEFFRIES AND ILYA SMIRNOV
Abstract. For multiplicities arising from a family of ideals we provide a general
approach to transformation rules for a ring extension that is e´tale in codimension
one. Our result can be applied to bound the size of the local e´tale fundamen-
tal group of a singularity in terms of F-signature, recovering a recent result of
Carvajal-Rojas, Schwede, and Tucker, and differential signature, providing the
first characteristic-free effective bound.
1. Introduction
The F-signature, s(R), of a local ring (R,m) of positive characteristic is a natural
invariant derived from the Frobenius endomorphism. There were several notable
steps in the theory of F-signature. Its first traces appear in work of Kunz [Kun69]
and in [SVdB97] by Smith and Van den Bergh. The definition was formally in-
troduced by Huneke and Leuschke in [HL02], while Tucker showed that it is given
by a convergent sequence, see [Tuc12]. Aberbach and Leuschke in [AL03] showed
that F-signature detects strong F-regularity. This present paper was motivated by a
recent application of F-signature obtained by Carvajal-Rojas, Schwede, and Tucker
in [CRST18] where it was shown that the size of the local e´tale fundamental group
of a strongly F-regular singularity is at most 1/ s(R).
The motivation for this result came from a question of Kolla´r [Kol11], who asked
whether the local fundamental group of the germ of a Kawamata log-terminal (KLT)
singularity is finite, and a partial answer by Xu [Xu14], who showed that the local
e´tale fundamental group of a KLT singularity is finite. The KLT singularities are
tightly connected with F-regular singularities in positive characteristic [HW02], thus
Carvajal-Rojas, Schwede, and Tucker provided an effective positive characteristic
analogue of Xu’s result. Bhatt, Gabber, and Olsson [BGO17] showed that Xu’s
result can be reproved by reduction to positive characteristic, but this proof does
not give an explicit bound as in [CRST18]. Hence it is natural to further search for
a direct effective version of Xu’s theorem.
A natural tool for such a proof would be F-signature in characteristic zero, a
conjectured invariant defined as a limiting value of reductions mod p. However
the existence of such invariant seems to be a very hard problem, so instead we
opt to use differential signature. The differential signature of a local K-algebra R,
denoted sdiffK (R), is a characteristic-free invariant recently introduced by Brenner,
Nu´n˜ez-Betancourt, and the first author in [BJN19]. A notable aspect of differential
signature is that its nonvanishing is closely related to the KLT property of singu-
larities. However, it remains open whether differential signature is positive for all
KLT singularities.
Differential signature is not the only invariant aiming to fill the gap in char-
acteristic zero; the symmetric signature of Brenner and Caminata [BC17, BC19]
and normalized volume of a singularity defined by Li [Li18, LLX18] are other nu-
merical invariants in characteristic zero that share some important properties with
F-signature. The key aspect of the proof given by Carvajal-Rojas, Schwede, and
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Tucker is a transformation rule for F-signature under a local map R → S that is
module-finite and quasi-e´tale (i.e., e´tale in codimension one). Following the ap-
proach in [CRST18] and keeping these invariants in mind, we set a general frame-
work for a transformation rule to hold. We refer the reader to Section 2 for a precise
description of the class of multiplicities specified in the theorem below.
Theorem A (Theorem 2.10). For a class of numerical multiplicities s⋆(R) on local
rings R that includes differential signature and F-signature, the following holds:
If (R,m, k) ⊆ (S, n, l) are local excellent normal Henselian domains and the in-
clusion map is finite, splits as R-modules, and is quasi-e´tale, then
[S : R] s⋆(R) = [l : k] s⋆(S)
where [S : R] denotes the rank of S as an R-module.
The class of numerical multiplicities in the theorem consists of numerical multi-
plicities computed by a sequence of ideals, and this framework allows us to treat
F-signature and differential signature uniformly. However, it is yet not clear whether
the other two invariants mentioned above can be computed in this way.
As a consequence of this theorem, we can show that differential signature gives
characteristic-free bounds on local e´tale fundamental groups.
Theorem B (Theorem 4.6). Let (R,m, k) be the Henselization of a local ring essen-
tially of finite type over a separably closed field K ∼= k. Suppose that R is a normal
domain of dimension at least two. If K has positive characteristic, assume also that
R is F-pure.
If the differential signature of R is positive, then for any open subset U of Spec(R)
for which the complement has codimension at least two, πe´t1 (U) is bounded above by
1/ sdiffK (R) <∞.
We note that while differential signature is known to be positive for large classes
of KLT singularities, it remains open whether it is positive for all KLT singularities.
It should be noted that the transformation rule of [CRST18] and its application
were further generalized in a different direction in [CR17]. These generalizations are
based on a different conceptual understanding of F-signature via Frobenius splittings
and heavily exploit the Frobenius endomorphism. We do not know whether our
approach can be extended to this level of generality.
2. Natural multiplicities
In this section, we define the properties of asymptotic multiplicities that we use
to prove the transformation rule for module-finite maps.
Definition 2.1. • In this paper, by a family of ideals in a ring R, we mean a
sequence I• of ideals indexed by an infinite subset Λ ⊆ N. We may say that
I• is indexed by Λ.
• An assignment of a family of ideals, A, consists of a subcategory R of the
category of rings, an infinite subset Λ ⊆ N, and a rule that assigns to each
R ∈ R a family of ideals A(R)• indexed by Λ.
Example 2.2. A few assignments of families of ideals that have been of interest in
local algebra include:
• Powers of m: On the category of local rings, the rule P that assigns to
each local ring (R,m) and integer n the nth power of the maximal ideal
P(R)n := m
n.
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• Frobenius powers of m: On the category of local rings of characteristic
p > 0, the rule FP that assigns to each local ring (R,m) of characteristic
p > 0 and power q = pe of p the qth Frobenius power of the maximal ideal,
FP(R)q := m
[q] := (f q | f ∈ m).
• Differential powers of m: On the category of local K-algebras for a field
K, the rule DP that assigns to each local ring (R,m) and integer n the nth
differential power of the maximal ideal
DP(R)n := m
〈n〉
K := {f ∈ R | Dn−1R|K · f ⊆ m}.
Here, Dn−1R|K denotes the K-linear differential operators on R of order at most
n − 1, in the sense of Grothendieck [Gro67, §16.8]. We refer the reader to
[DDSG+18, §2.1] and [BJN19, §3] for an introduction to differential powers
of ideals.
• Splitting ideals: On the category of local rings of characteristic p > 0, the
rule SI that assigns to each local ring (R,m) of characteristic p > 0 and
power q = pe of p the qth splitting ideal,
SI(R)n := Iq(R) := {f ∈ R | C
q
R · f ⊆ m}.
Here C qR denotes the set of Cartier maps of level e or p
−e-linear maps on
R. If R is reduced, we may identify C qR with HomR(R
1/q, R). We refer the
reader to [BS13] for an introduction to p−e-linear maps. We note here that
our choice of indexing (by q rather than e) is nonstandard.
Remark 2.3. Throughout the paper, the morphisms in the category of local rings
are local homomorphisms (i.e., map the maximal ideal of the source into the maximal
ideal of the target). The categories of local rings of characteristic p > 0, and of local
K-algebras are taken to be full subcategories of the category of local rings.
Definition 2.4. Let (R,m) be a local ring of dimension d. For a sequence I• of
m-primary ideals indexed by Λ we define the upper volume and lower volume of I•
to be, respectively,
vol+R(I•) := lim sup
i∈Λ
ℓR(R/Ii)
id
and vol−R(I•) := lim infi∈Λ
ℓR(R/Ii)
id
.
Definition 2.5. The upper multiplicity associated to an assignment A of a family
of m-primary ideals is the rule that assigns to each ring R ∈ R the number e+A(R) :=
vol+R(A(R)•). The lower multiplicity e
−
A(R) := vol
−
R(A(R)•) is defined analogously.
If these two numbers coincide, we write eA(R) for the common value.
Example 2.6. Many of the multiplicities of interest in local algebra are defined as
multiplicities associated to assignments of families ofm-primary ideals. In particular,
by definition, we have:
• Hilbert–Samuel multiplicity: e(R) :=
1
dim(R)!
eP(R).
• Hilbert–Kunz multiplicity: eHK(R) := eFP(R).
• Differential signature: sdiffK (R) :=
1
dim(R)!
e+DP(R).
• F-signature: s(R) := eSI(R).
We note that the definition of F-signature here is not the original definition of
Huneke and Leuschke in [HL02] but originates from [Yao06, Lemma 2.1], [AE05,
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Corollary 2.8]. We refer the reader to [Hun13] for a survey on Hilbert–Kunz mul-
tiplicity and F-signature, and to [BJN19] for the definition and basic properties of
differential signature.
We now collect some natural properties of multiplicities that the differential sig-
nature and F-signature enjoy; verifications are left to Section 4.
Definition 2.7. Let R be a subcategory of the category of rings. An ideal I ⊆ R
is characteristic in R if for every automorphism φ ∈ AutR(R), one has φ(I) ⊆ I.
Definition 2.8. Let I• be a family of ideals in a local ring (R,m). We say that I•
is bounded if there exists some a > 0 such that man ⊆ In for all n ∈ Λ.
Definition 2.9. Let R be a subcategory of the category of rings, and A be an
assignment of ideals on R. Let φ : R → S be a map in R. We say that A satisfies
the intersection property for φ if A(R)n = φ
−1(A(S)n) for all n ∈ Λ.
Following standard geometric terminology, we will say that a map R → S is
quasi-e´tale if it is e´tale in codimension one, i.e., if for any prime of height one q of
S with contraction p = q ∩R, the localization Rp → Sq is e´tale.
Given these definitions, we can state our main transformation rule.
Theorem 2.10 (Main Transformation Rule). Let R be a subcategory of the category
of local rings. Let A be an assignment of families of ideals on R such that
• A(R)n is characteristic in the category R for all R ∈ R and all n ∈ Λ,
• A(R) is bounded for all R ∈ R,
• A satisfies the intersection property for every morphism in R that is finite,
split, and quasi-e´tale.
Let (R,m, k) and (S, n, l) be local excellent normal Henselian domains in R. If there
is a finite local map in R from R to S that splits as R-modules and is quasi-e´tale,
then
[S : R] e+A(R) = [l : k] e
+
A(S) and [S : R] e
−
A(R) = [l : k] e
−
A(S),
where [S : R] denotes the rank of S as an R-module.
We will see in Section 4 below that differential signature and F-signature satisfy
the hypotheses of this theorem. Observe that powers and Frobenius powers of m in a
local ring (R,m) are characteristic ideals, and that the families of powers P(R)n and
Frobenius powers FP(R)q := m
[q] are bounded. However, the intersection property
for maps that are finite, split, and quasi-e´tale fails for both, e.g., for the inclusion
FpJx
2, xy, y2K ⊆ FpJx, yK.
We give the proof of this result, after a collecting a few preliminary lemmas, in
the next section.
3. Proof of main transformation rule
We first focus on one inequality in the statement of Theorem 2.10. We first recall
the following lemma.
Lemma 3.1. Let (R,m, k) be a local domain of dimension d and N be a finitely
generated torsion R-module. Then, for any a > 0 there is a constant C such that
for any n > 0 and any ideal with man ⊆ I, one has ℓR(N/IN) < Cn
d−1.
Proof. This is essentially [Hun13, Lemma 3.5]. 
The next statement is one of the two inequalities in Theorem 2.10.
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Lemma 3.2. Let A be a bounded assignment of families of ideals and (R,m, k) ⊆
(S, n, l) be a module-finite local inclusion of domains that satisfies the intersection
property for A. Then
[l : k] e+A(S) ≤ [S : R] e
+
A(R) and [l : k] e
−
A(S) ≤ [S : R] e
−
A(R).
Proof. The proofs will be identical for e+A and e
−
A, so we will use the symbol eA to
denote either.
There is a short exact sequence of R-modules 0 → F
φ
→ S → T → 0, where T
is a torsion module and F is a free module of rank [S : R]. This gives for each i a
short exact sequence of R-modules
0→ F/φ−1(A(S)i)→ S/A(S)i → S/(A(S)i + φ(F ))→ 0.
By the intersection propery A(R)iS = (A(S)i∩R)S ⊆ A(S)i, so, since φ is R-linear,
we have φ
(
A(R)iF
)
⊆ A(S)i. Therefore
ℓR
(
F/φ−1(A(S)i)
)
≤ ℓR
(
F/A(R)iF
)
= [S : R] ℓR
(
R/A(R)i
)
and there is a surjection of R-modules
T/A(R)iT ∼= S/(A(R)iS + φ(F ))։ S/(A(S)i + φ(F ))
giving that ℓR(S/(A(S)i + φ(F ))) ≤ ℓR(T/A(R)iT ).
Furthermore, from the same exact sequence we obtain that
[l : k] ℓS(S/A(S)i) = ℓR(S/A(S)i) = ℓR(F/φ
−1(A(S)i)) + ℓR(S/(A(S)i + φ(F )))
≤ [S : R] ℓR
(
R/A(R)i
)
+ ℓR(T/A(R)iT ).
Because A is bounded, it follows from Lemma 3.1 that ℓR(T/A(R)iT ) = O(i
d−1)
and the claim follows after passing to the limit. 
See also [Tuc12, Corollary 4.13] for a result similar to the above for F-signature.
We now pursue the other inequality. We will employ the trace map associated to
a finite field extension. To begin, we will recall some basic properties of the trace
map.
Lemma 3.3. Let (R,m, k) ⊆ (S, n, l) be a module-finite local inclusion of domains,
with fraction fields K, L, respectively.
(1) TrL/K 6= 0 if L is separable over K.
(2) If M/L/K is a tower of fields, then TrM/K = TrL/K ◦TrM/L.
(3) If L/K is Galois, then TrL/K(x) =
∑
σ∈Gal(L/K) σ(x).
(4) If R and S are normal, then TrL/K(S) ⊆ R.
(5) If R and S are normal, then TrL/K(n) ⊆ m.
(6) If R and S are normal, then TrL/K generates HomR(S,R) as an S-module
if and only if the inclusion of R into S is quasi-e´tale.
Proof. Statements (1)–(4) are standard. Statement (5) is [CRST18, Lemma 2.10].
Statement (6) appears in a geometric formulation in [ST14, Proposition 4.8]. 
The following is evident from the Lemma above.
Corollary 3.4. Let (R,m, k) ⊆ (S, n, l) be a module-finite local inclusion of normal
domains, with fraction fields K, L, respectively. If the inclusion is split and quasi-
e´tale, then there is a unit u ∈ S such that TrL/K(u ·−) is a splitting of the inclusion.
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Lemma 3.5. Let (R,m, k) ⊆ (S, n, l) be a module-finite local inclusion of normal
domains, with fraction fields K, L, respectively. Let M be the Galois closure of
L/K, and T be the integral closure of S in M , and suppose that T is local. Let R
be a full subcategory of the category of local rings that contains R, S, and T .
(1) If L/K is Galois and J is a characteristic ideal of S in R, then TrL/K(J) ⊆
J ∩R.
(2) Suppose that there is a unit u ∈ T such that TrM/L(u · −) is a splitting
of the inclusion of S into T . Let J ⊆ S be an ideal, and suppose that
there is a characteristic ideal J ′ of T in R such that J = J ′ ∩ S. Then
TrL/K(J) ⊆ J ∩R.
Proof. (1) Note that, for σ ∈ Gal(L/K), the restriction σ|S maps S into S by
the hypothesis of normality. The map σ−1|S is an inverse of σ|S , so σ|S
automorphism of S, which necessarily must be local; thus, this map is a
morphism in R. For j ∈ J , by Lemma 3.3(3), we have that TrL/K(j) =∑
σ∈Gal(L/K) σ(j), and since J is characteristic, g(j) ∈ J for each g, so
TrL/K(j) ∈ J . By Lemma 3.3(4), we also have TrL/K(j) ∈ R.
(2) For j ∈ J , by Lemma 3.3(2), we can write TrL/K(j) = TrL/K
(
TrM/L(uj)
)
=
TrM/K(uj) ∈ TrM/K(J
′). Applying the first part of the Lemma, we have
TrL/K(j) ∈ TrM/K(J
′) ⊆ J ′ ∩R = J ∩R. 
The following lemma is well-known to experts, but we include it for completeness.
Lemma 3.6. Let R ⊆ S be a module-finite extension of normal domains that is
quasi-e´tale. Let K,L be the fraction fields of R,S, and T be the integral closure of
S in the Galois closure of L/K. Then S ⊆ T is quasi-e´tale.
Proof. By localizing at height one primes and completing, this reduces to the claim
that if R (respectively, S) is the valuation ring of a local field K (respectively, L),
and S is e´tale over R, then the valuation ring of the Galois closure of L/K is e´tale
over R. This follows from the fact that the e´tale property for valuation rings of
local fields is preserved under taking the compositum of field extensions [Neu99,
Corollary 7.3]. 
Now we can prove our main theorem.
Proof of Theorem 2.10. Since R and S are excellent and Henselian local rings, the
integral closure T of S in the Galois closure of the fraction fields is module-finite
over S, and hence is a direct product of local rings; since T is clearly a domain, it
thus is local. By Lemma 3.6 and the intersection property, A(T )n ∩ S = A(S)n.
By Corollary 3.4, the hypotheses of Lemma 3.5(2) are satisfied, so TrL/K(A(S)n) ⊆
A(R)n. By Corollary 3.4 we obtain the other containment A(R)n ⊆ TrL/K(A(S)n).
In particular, we have equalities TrL/K(A(S)n) = A(S)n ∩R = A(R)n.
There is a short exact sequence of R-modules 0→ S
Φ
−→ F → C → 0, where C is
torsion and F is a free module of rank [S : R]. By Lemma 3.3(6), every component
of Φ is a multiple of TrL/K . Consequently, Φ(A(S)n) ⊆
⊕
[S:R]
TrL/K(A(S)n) for all
n. Thus, for each n, there is an exact sequence
S/A(S)n
Φ
−→ F/TrL/K(A(S)n)F → C/TrL/K(A(S)n)C → 0.
As in the proof Lemma 3.2, Lemma 3.1 shows that
ℓR(C/TrL/K(A(S)n)C) = ℓR(C/A(R)nC) = O(n
dimR−1),
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so, after passing to the limit and using that ℓR(S/A(S)n) = ℓS(S/A(S)n)[l : k], we
have that
[l : k] eA(S) ≥ [S : R] eA(R).
But the converse is Lemma 3.2 and the assertion follows. 
4. Applications
Now we present applications of our main theorem to local e´tale fundamental
groups of singularities. Our treatment follows ideas of [CRST18]. We refer to
[Mil80] and [CRST18] for an introduction to local e´tale fundamental groups.
First, we aim to show that differential signature and F-signature satisfy the hy-
potheses of Theorem 2.10. The next two lemmas address two of these conditions.
Lemma 4.1. (1) Let (R,m, k) be a local K-algebra with pseudocoefficient field
K. The ideals m〈n〉K are characteristic in the category of local K-algebras.
(2) If R is a local ring containing a field of positive characteristic, then the ideals
Iq(R) are characteristic in the category of local rings.
Proof. Let φ : R → R be a K-linear local automorphism. First, we claim that
φ ◦DnR|K ◦ φ
−1 = DnR|K . For an element x ∈ R, we write x ∈ D
0
R|K for the operator
of multiplication by x. We observe:
[φ ◦ δ ◦ φ−1, x](y) = (φ ◦ δ ◦ φ−1)(xy)− x · (φ ◦ δ ◦ φ−1)(y)
=
(
φ ◦ δ
)(
φ−1(x) · φ−1(y)
)
− x ·
(
φ ◦ δ
)(
φ−1(y)
)
=
(
φ ◦ δ ◦ φ−1(x)
)(
φ−1(y)
)
− x ·
(
φ ◦ δ
)(
φ−1(y)
)
=
(
φ ◦
(
[δ, φ−1(x)] + φ−1(x) ◦ δ
))(
φ−1(y)
)
− x ·
(
φ ◦ δ
)(
φ−1(y)
)
=
(
φ ◦ [δ, φ−1(x)] ◦ φ−1
)
(y) + φ
(
φ−1(x) · δ
(
φ−1(y)
))
− x ·
(
φ ◦ δ
)(
φ−1(y)
)
=
(
φ ◦ [δ, φ−1(x)] ◦ φ−1
)
(y),
so [φ ◦ δ ◦ φ−1, x] = φ ◦ [δ, φ−1(x)] ◦ φ−1. The claim then follows from induction on
the order of a differential operator. Now, let f ∈ m〈n〉K , and δ ∈ Dn−1R|K . To see that
φ(f) ∈ m〈n〉K , consider δ(φ(f)). Write δ = φ ◦ ν ◦ φ−1; we have ν ∈ Dn−1R|K by the
previous claim. Then, δ(φ(f)) = (φ ◦ ν ◦φ−1)(φ(f)) = φ(ν(f)) ∈ m, since ν(f) ∈ m.
Thus, m〈n〉K is characteristic.
We argue similarly for Iq(R). Note that any automorphism φ of R extends
uniquely to an automorphism φ˜ of R1/q by the rule φ˜(r1/q) = φ(r)1/q. We claim
that φ ◦ HomR(R
1/q, R) ◦ φ˜−1 = HomR(R
1/q, R). Indeed, if ψ ∈ HomR(R
1/q, R),
then
(φ ◦ ψ ◦ φ˜−1)(r1/qx) = (φ ◦ ψ)(φ˜−1(r1/q) · φ−1(x)) = φ
(
φ−1(x) · (ψ ◦ φ˜−1)(r1/q)
)
= φ
(
φ−1(x) · (ψ ◦ φ˜−1)(r1/q)
)
= x · (φ ◦ ψ ◦ φ˜−1)(r1/q),
so φ ◦ ψ ◦ φ˜−1 is R-linear. Now, let f ∈ Iq(R), and ψ ∈ HomR(R
1/q, R). To
see that φ(f) ∈ Iq(R), consider ψ(φ(f)
1/q)). Write ψ = φ ◦ η ◦ φ˜−1; we have
η ∈ HomR(R
1/q, R) by the previous claim. Then,
ψ(φ(f)1/q) = (φ ◦ η ◦ φ˜−1)(φ(f)1/q) = (φ ◦ η ◦ φ˜−1)(φ˜(f1/q)) = φ(η(f)) ∈ m,
since η(f) ∈ m. Thus, Iq(R) is characteristic. 
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Lemma 4.2. Let (R,m, k) ⊆ (S, n, l) be a module-finite local inclusion of normal
domains that is split and quasi-e´tale, and let K ⊂ R be a field.
(1) Differential powers satisfy the intersection property, i.e., m〈n〉K = R ∩ n〈n〉K
for all n.
(2) Splitting ideals satisfy the intersection property, i.e., Iq(R) = R ∩ Iq(S) for
all q = pe.
Proof. The first part is [BJN19, Proposition 6.14]. The second proceeds along the
same lines as ibid. By [ST14, Lemma 3.5, Corollary 3.7], every Cartier map on
R extends to S, and since R is a direct summand of S, every Cartier map on S
restricts to R. Thus, for f ∈ R, we have that f /∈ Iq(R) if and only if there is some
φ ∈ C qR such that φ(f) = 1, which happens if and only if there is a ψ ∈ C
q
S such
that ψ(f) = 1, which in turn is equivalent to f /∈ Iq(S). 
We can now apply Theorem 2.10 to differential signature and F-signature.
Theorem 4.3. Let (R,m, k) ⊆ (S, n, l) be a module-finite local inclusion of normal
Henselian domains that is split and quasi-e´tale.
(1) If R and S are algebras with a pseudocoefficient field K, then we have
[S : R] sdiffK (R) = [l : k] s
diff
K (S).
(2) [CRST18, Theorem B] If R and S have characteristic p > 0, then we have
[S : R] s(R) = [l : k] s(S).
Proof. Since mn ⊆ m〈n〉K for all local K-algebras, differential powers are bounded.
Similarly, if (R,m) is local of positive characteristic, and µ(m) is the minimal num-
ber of generators of m, we have mµ(m)q ⊆ m[q] ⊆ Iq(R) so the family of ideals
Iq(R) is bounded. Then, using the last two lemmas, the result then follows from
Theorem 2.10. 
Remark 4.4. We recall that the Henselization Rh of a local ring (R,m) can be
constructed as follows; see [Ray70, The`ore´me 1]. We consider the category of pairs
(S, n) where R → S is e´tale, n ∩ R = m, and k(n) = k(m). Then Rh = lim
−→
S with
morphisms given by dominance at n.
Lemma 4.5. Let R be a local algebra essentially of finite type over a field K, and
suppose that R contains a coefficient field. Then sdiffK (R
h) = sdiffK (R) ≤ 1.
Proof. First, we note that the natural map R→ Rh is formally e´tale as a colimit of
e´tale algebras [Sta18, Lemma 07QN], and the modules of differentials ofR are finitely
presented. Thus the natural map Rh ⊗R D
n
R|K → D
n
Rh|K
is an isomorphism for all
n by [Mas91, 2.2.10]. We note also that every ideal primary to the maximal ideal
of the Henselization is expanded from R, since the map R̂→ R̂h is an isomorphism
[Sta18, Lemma 06LJ]. The same argument as in [BJN19, Lemma 3.11] then shows
that (mRh)〈n〉K = m〈n〉KRh. We then have ℓR(R/m
〈n〉
K ) = ℓRh(R
h/(mRh)〈n〉K ) for
all n, and the equality sdiffK (R
h) = sdiffK (R) follows. The second inequality is [BJN19,
Proposition 4.20]. 
We apply Theorem 4.3 to give an effective bounds for e´tale fundamental groups.
Theorem 4.6 (Bound on local e´tale fundamental groups). Let (R,m, k) be the
Henselization of a local ring essentially of finite type over a separably closed field
K ∼= k. Suppose that R is a normal domain of dimension at least two. If K has
positive characteristic, assume also that R is F-pure.
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If the differential signature of R is positive, then for any open subset U of Spec(R)
for which the complement has codimension at least two, πe´t1 (U) is bounded above by
1/ sdiffK (R) <∞.
Proof. This follows from Theorem 4.3 along the same lines as [CRST18, Theorem A].
In particular, as in ibid., it suffices to show that if (R,m, k) ⊆ (S, n, l) is module-
finite and e´tale on U , then [S : R] ≤ 1/ sdiffK (R). As the complement of U cannot
contain a prime of height one, neither can its preimage in Spec(S), so such a map
is quasi-e´tale.
Observe that if (R,m, k) ⊆ (S, n, l) is module-finite, then it splits as R-modules:
if K has characteristic zero, the trace map yields a splitting, while if R has positive
characteristic, then R is strongly F-regular, since R is F-pure and has positive
differential signature [BJN19, Theorem 5.17], and hence is a direct summand of any
module-finite extension.
Furthermore, k → l is an isomorphism: this is algebra-finite, hence module-finite;
in characteristic zero k is algebraically closed, and in positive characteristic, by
[CRST18, Lemma 2.15] the map is separable, hence an isomorphism. By Theo-
rem 4.3, for such an S, we have [S : R] < sdiffK (S)/ s
diff
K (R).
We claim that S as above can be realized as the Henselization of a local algebra
V essentially of finite type over a field K that contains K. Write R = T h with
T essentially of finite type over the coefficient field K. By the module-finite hy-
pothesis, we can write S =
∑t
i=1Rsi for some finite set of elements si ∈ S, with
the algebra structure given by the rules sisj =
∑t
m=1 rijmsm. By the construction
of Henselization there exists some local ring A such that A is essentially of finite
type over K, T ⊆ A ⊆ R, A is e´tale over T , and all of the elements rijm lie in A.
Now, let V =
∑t
i=1Asi ⊆ S. We then have V ⊗A R
∼= S, and it follows that S
is the Henselization of V , as claimed. We can then apply Lemma 4.5 to find that
sdiffK (S) ≤ 1. The theorem then follows. 
Corollary 4.7. Let X be a normal variety of dimension at least two over an alge-
braically closed field K of characteristic 0, and x ∈ X be a closed point. Let Z ⊆ X
be a closed subvariety of codimension at least two that contains x. Let R = OhX,x,
and let Z˜ be preimage of Z under the composition Spec(R) → Spec(OX,x) → X.
Then, |πe´t1 (Spec(R)r Z˜)| is bounded above by 1/ s
diff
K (R).
In particular, |πe´t1 (Spec
◦(R))| is bounded above by 1/ sdiffK (R).
The finiteness statement for e´tale fundamental groups of punctured spectra un-
der the hypothesis that R has KLT singularities over the complex numbers was
first shown by Xu [Xu14], and extended by [BGO17]. The effective bound in pos-
itive characteristic, with F-signature in place of differential signature, was shown
by [CRST18]. The following result is a theorem of Greb, Kebekus, and Peternell
[GKP16, Theorem 1.5] under the hypothesis that X has KLT singularities over the
complex numbers; the positive characteristic analogue is also known [BCRG+19].
Corollary 4.8. Suppose that X is a normal noetherian scheme of finite type over
an algebraically closed field K of characteristic 0. Suppose that for every closed point
x ∈ X we have sdiffK (OX,x) < ∞. Then for any tower of quasi-e´tale covers of X,
X ← X1 ← X2 ← X3 · · · , we must have that Xi ← Xi+1 is e´tale for i sufficiently
large.
In particular, there exists a finite, Galois, quasi-e´tale cover Y → X by a normal
scheme Y with the property that any e´tale cover of the regular locus of Y extends to
an e´tale cover of Y .
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Proof. Follows directly from Corollary 4.7 and a result of Stibitz [Sti17, Theorem 1].

Remark 4.9. (1) The bound in Theorem 4.6 can be sharp, e.g., for Du Val
singularities; see [BJN19, Theorem 7.1]. However, it is not always sharp,
e.g., for determinantal singularities; see [BJN19, Theorem 7.1] and [CR18,
Example 4.0.10].
(2) It is not known whether the differential signature of the local ring of a
Kawamata log-terminal singularity is positive in general, though it is true
for direct summands of regular rings and quadric hypersurfaces. If this were
true, this would give a characteristic-free proof of the results [Xu14, CRST18]
mentioned above.
(3) It is conjectured that the analogous statements to Theorem 4.3 and Corol-
lary 4.6 hold with another numerical invariant called the normalized volume
[LLX18]. To our knowledge, this remains open, and Corollary 4.6 gives the
only direct effective numerical bounds on local e´tale fundamental groups in
characteristic zero. It is worth to note that by [Blu18] the normalized vol-
ume can be computed as the volume of a single valuation, so it is also a
multiplicity associated to a family of ideals.
(4) In the classes of examples R for which differential signature and F-signature
are both known in characteristic p, the inequality sdiffK (R) ≤ s(R) holds, so
that the latter gives stronger bounds on the local e´tale fundamental group.
We do not know whether this inequality holds in general.
(5) There are other interesting asymptotic multiplicities of singularities that
are known to satisfy the transformation rule in special cases, for example,
the syzygy symmetric signature and the differential symmetric signature
of Brenner and Caminata [BC17, BC19]. We do not know a description
of these as multiplicities associated to assignments of ideals. It is natural
to ask whether these numerical invariants also fit into the hypotheses of
Theorem 2.10.
(6) We note that conclusion of Theorem 4.6 holds for a multiplicity satisfying
the hypotheses of Theorem 2.10 if the analogue of Lemma 4.5 holds for this
invariant.
5. Examples
We now give a couple of examples to illustrate that a generalized transformation
rule
[S : R] volR(J• ∩R) = [l : k] volS(J•)
for volumes of sequences of ideals J•, which a fortiori satisfies the intersection prop-
erty, fails in lieu of the other assumptions employed in Theorem 2.10.
Example 5.1. Consider R = kJa, b, x3+x2a+xbK ⊂ S = kJa, b, xK. Set J = (a, b, x)
in S. Note that the powers J• of J are characteristic ideals, but the inclusion map
from R to S is not quasi-e´tale.
Since the contraction is integrally closed and
(x3 + x2a+ xb)⌈n/2⌉ = x⌈n/2⌉(x(x+ a) + b)⌈n/2⌉ ⊆ x⌈n/2⌉(x, b)⌈n/2⌉ ⊆ (x, a, b)n,
we obtain that
Jn ∩R ⊇ (an, bn, (x3 + x2a+ xb)⌈n/2⌉).
In fact, this is an equality. Given a polynomial F (u, v, w), the order of F (a, b, x3+
x2a + xb) as an element of S is equal to its minimal degree under the weighting
A TRANSFORMATION RULE FOR NATURAL MULTIPLICITIES 11
|u| = |v| = 1, |w| = 2. Then, since any element of Jn ∩ R has order at least n, any
such element must lie in the integral closure of (an, bn, (x3 + x2a+ xb)⌈n/2⌉). Since
(a2, b2, x3 + x2a+ xb)n ⊆ (a2n, b2n, (x3 + x2a+ xb)n),
vol(J• ∩R) = lim
n→∞
ℓR
(
R/(an, bn, (x3 + x2a+ xb)⌈n/2⌉)
)
n3
=
1
48
e(a2, b2, x3 + x2a+ xb) =
1
12
e(R) =
1
12
.
On the other hand, vol(J•) = 16 , and [S : R] = 3.
Example 5.2. Consider R = kJx2, xy, y2K ⊂ S = kJx, yK. Take the sequence of
ideals Jn = (x
4n, y4n, x2n+1 − y2n). Note that the inclusion of R into S is split and
quasi-e´tale, but the ideals Jn are not characteristic.
First, one has that vol(J•) = 8. To see this, we note that Jn = (x
2n+1 −
y2n, y4n, x2n−1y2n), and that this generating set form a Gro¨bner basis with respect
to the reverse lexicographic ordering. Then, the colength of Jn is the colength of
(x2n+1, y4n, x2n−1y2n), which is 8n2.
Next, we claim that Jn ∩ R = (x
4n, x2ny2n, x2n−1y2n+1, y4n). The containment
“⊇” is clear. To see the other, suppose that F = Ax4n+By4n+C(x2n+1−y2n) ∈ Jn
and consists of only even degree terms. We can assume without loss of generality
that F contains no monomial in the ideal (x4n, y4n). We will show that in this
case that C ∈ (x2n−1, y2n) ∩ R, which will justify the claim. Indeed, if C has a
nonzero monomial xiyj with i + j even, then the odd degree monomial x2n+1+iyj
must be canceled by a term of the form xi
′
yj
′
y2n = xi
′
y2n+j
′
with i′ = 2n + 1 + i
and 2n+ j′ = j, and xi
′
yj
′
a supporting monomial of C, or else 2n+ 1 + i must be
at least 4n. This implies that this monomial lies in the specified ideal. A similar
argument covers the case when i+ j is odd.
An easy monomial count then yields that volR(J• ∩R) = 6.
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